ABSTRACT. We compute the motivic homotopy groups of algebraic cobordism over number fields, the motivic homotopy groups of 2-complete algebraic cobordism over the real numbers and rings of 2-integers and the motivic homotopy groups of mod 2 motivic Morava K-theory over fields with low virtual cohomological dimension. As an application we relate the order of the algebraic cobordism groups of rings of 2-integers to special values of Dedekind ζ-functions of totally real abelian number fields.
INTRODUCTION
Algebraic cobordism is a bigraded cohomology theory of smooth schemes represented by the Thom spectrum MGL in the stable motivic homotopy category. Algebraic cobordism was introduced by Voevodsky as an analogue to complex cobordism to help solve the Milnor conjecture [Voe98] . This paper investigates the bigraded motivic homotopy groups π * , * (MGL) of the algebraic cobordism spectrum over the real numbers, number fields and rings of S-integers.
The algebraic cobordism spectrum MGL is a P 1 -spectrum constructed analogously to the complex cobordism spectrum MU in topology [Voe98, 6.3] . Consider the Grassmann scheme Gr(m, n) of dimension m-planes in A n , and its canonical m-vector bundle γ m,n . Taking the colimit over n we get the infinite Grassmannian Gr(m, ∞) with canonical bundle γ m,∞ . The embeddings Gr(m, ∞) → Gr(m + 1, ∞) induce maps 1 ⊕ γ m,∞ → γ m+1,∞ , where 1 is the trivial rank one bundle. In the unstable motivic homotopy category the infinite Grassmannians are classifying spaces for the isomorphism classes of mvector bundles over smooth schemes [Mor12] . Taking the Thom spaces of the bundles γ m,∞ we get the constituent spaces of the P 1 -spectrum MGL = (Th(γ 0,∞ ), Th(γ 1,∞ ), . . . ) with structure maps P 1 ∧ Th(γ m,∞ ) ∼ = Th( 1 ⊕ γ m,∞ ) → Th(γ m+1,∞ ).
In motivic homotopy theory the spheres are bigraded S p,q = (S 1 s ) p−q ∧ G ∧q m , where S 1 s is the simplicial circle and G m is the punctured affine line pointed at 1. Hence motivic homotopy groups are bigraded as well, similar to how C 2 -equivariant homotopy groups are indexed by the trivial representation and the sign representation. The bigraded homotopy groups of the algebraic cobordism spectrum are known along some special lines. The Hopkins-Morel isomorphism implies that for fields in characteristic 0 there is an isomorphism π 2n,n (MGL) ∼ = L n , where L * is the Lazard ring [Hoy15, Proposition 8.2]. More generally Levine and Morel [LM07] defined a cohomology theory Ω * (−) on smooth schemes in geometric terms such that for a smooth scheme X there is an isomorphism Ω n (X) ∼ = MGL 2n,n (X) [Hoy15, Corollary 8.15] . It is an open problem to give a geometric description of all of MGL * , * (X). For a field F Spitzweck showed that MGL 2n+1,n (F ; Z) ∼ = F × ⊗L n+1 [Spi14, Corollary 7.5], because the slice spectral sequence collapses in this range. For the same reason MGL 2n+2,n (F ; Z) ∼ = K 2 (F ) ⊗ L n+2 , and along the diagonal there is an isomorphism with Milnor K-theory K M −n (F ) ∼ = π n,n (MGL). Furthermore, π p,q (MGL) = 0 for p < q or 2p < q.
We compute all of the bigraded motivic homotopy groups of the algebraic cobordism spectrum over number fields in terms of the integral motivic cohomology of the number fields, up to extension, in Theorem 6.1. Over rings of S-integers and the real numbers we compute the homotopy groups of the 2-completed algebraic cobordism spectrum in Theorem 7.1 and Theorem 5.8. As an application we relate the order of the algebraic cobordism groups of the ring of 2-integers in a totally real abelian number field F to special values of the Dedekind ζ-function of F in Corollary 7.3.
Associated to the algebraic cobordism spectrum there is the motivic Brown-Peterson spectrum BPGL, its truncations BPGL n , and motivic Morava K-theory K(n). The topological realizations of these motivic spectra play an important role in chromatic homotopy theory. The homotopy groups of these motivic spectra can be computed by the same techniques used for MGL. We compute π * , * (BPGL), π * , * (BPGL n ) over the real numbers in Theorem 9.1, and π * , * (K(n)) over fields with virtual cohomological dimension less than 2 n+1 − 2 in Theorem 9.6. Our main tool is the slice spectral sequence and the slice filtration introduced by Voevodsky in [Voe02] . We also make use of the interplay between motivic and C 2 -equivariant stable homotopy theory. This interplay is facilitated by the C 2 -equivariant complex realization functor induced by sending a smooth scheme over R to its complex realization equipped with the C 2 -action given by complex conjugation. This allows us to use results of Hill, Hopkins and Ravenel [HHR16] in the motivic setting. Some of our proofs are both inspired by and heavily dependent on those of [HHR16] .
The results over rings of S-integers relies on the work of Levine [Lev99] and Spitzweck [Spi12] on motivic cohomology of Dedekind domains. Our results over rings of integers are somewhat similar to those of Rognes and Weibel [RW00] on algebraic K-theory of rings of 2-integers. They use the BlochLichtenbaum spectral sequence to compute 2-primary algebraic K-theory of number fields and rings of 2-integers.
Previous work. Yagita [Yag05] uses the slice spectral sequence to compute the associated graded of π * , * (BPGL/2) over the real numbers. Even earlier Hu and Kriz [HK01a] computed the coefficients π C2 * , * (BP R) of the Brown-Peterson spectrum associated to C 2 -equivariant complex cobordism. A careful proof of this is also in the appendix of [GM17] . Their answer has essentially the same form as MGL * , * (R; Z 2 ), and they explore relations to MGL in [HK01b] , where they also compute K * , * (n)(R). In [Hil11] Hill proves that the motivic Adams spectral sequence of BPGL n over R collapses, and notes that π * , * (BPGL) can be obtained from the computation of π C2 * , * (BP R) in [HK01a] . Ormsby uses the motivic Adams spectral sequence to compute π * , * (BPGL n ) over p-adic fields with the motivic Adams spectral sequence in [Orm11] . Similar techniques are used by Ormsby and Østvaer [OØ13] to compute π * , * (BPGL n ) and π * , * (MGL ∧ 2 ) over the rational numbers. Ellis considers a motivic C 2 -equivariant version of MGL and computes its coefficient over the complex numbers in his thesis [Ell17] . Recently Heard [Hea18] compared the motivic slice filtration of MGL to the equivariant slice filtration of MU, and computed π * , * (BPGL) and π * , * (BPGL n /2) over the real numbers.
Organization of this paper. We begin with three short sections recalling theory and results used later in the paper. In Section 2 we give a quick review of the relation between motivic and C 2 -equivariant stable homotopy theory. Section 3 follows with a description of (2-complete) motivic cohomology of the real numbers, number fields and rings of S-integers in number fields. In Section 4 we review the slice spectral sequence with particular attention to the case of MGL. Next are the computations, which are the most technical part of the paper. We compute MGL * , * (R; Z 2 ) in Section 5 by first running the slice spectral sequence for MGL/2 n and then passing to the limit over n. We determine the multiplicative extensions in MGL * , * (R; Z 2 ) by elementary means in contrast to [HK01a] , cf. Remark 5.9. This is similar to the proof in [GM17] . In Section 6 we use the computations over R to determine the differentials and the E ∞ -page of the slice spectral sequence over number fields. In Section 7 we relate the cardinality of MGL * , * (O F [ 1 2 ]; Z 2 ) to special values of the Dedekind ζ-function of a totally real abelian number field F . This is a corollary of a result of Manfred Kolster and the computation of MGL * , * (O F [ 1 2 ]; Z 2 ) in terms of motivic cohomology. For completeness we summarize some easy results on the motivic homotopy groups of (2-completed) algebraic cobordism over fields of 2-cohomological dimension less than or equal to 2 in Section 8. In this case the slice spectral sequence collapses for degree reasons. In Section 9 we compute the motivic homotopy groups of the (truncated) Brown-Peterson spectra BPGL and BPGL n over the real numbers, and of Morava K-theory K(n) over fields with virtual cohomological dimension vcd(F ) < 2(2 n − 1). The techniques are the same as for the algebraic cobordism spectrum.
Notation. Throughout the paper we will work over a number field F , with the exception of the final section on motivic Morava K-theory. We write O F,S for the ring of S-integers in F , for S ⊃ {2, ∞} a set of places. We will work in the stable motivic homotopy category SH(F ). The following table summarizes the notation used in the paper:
SH(F ), SH C 2 , SH motivic, C 2 -equivariant and ordinary stable homotopy category E, S motivic spectrum, motivic sphere spectrum MGL, MZ algebraic cobordism, motivic cohomology spectrum BPGL, BPGL n motivic (truncated) Brown-Peterson spectrum
, F a field with r 1 real embeddings fq, sq qth effective cover, qth slice E r (F ; Z), E r (F ; Z/2 n ) E r -page of the slice spectral sequence of MGL and MGL/2 n over F E r (F ;
, and so on r 1 , r 2 real and complex conjugate pairs of embeddings of a number field F O F,S ring of S-integers in a number field F , for a set of places S ⊃ {2, ∞} ν 2 (n) the 2-adic valuation of n L * , K M * (F ), k * (F ) the Lazard ring, integral and mod 2 Milnor K-theory of F R C , R C 2 C , R R , complex realization, C 2 -equivariant complex realization, real realization Φ C 2 , ρ, σ geometric fixed points, {±1} = S 0 → Gm ∈ π −1,−1 (S), sign representation of C 2 A * , * , A * , * , ∆ motivic Steenrod algebra, dual, coproduct of dual τ , ρ, ξ i , τ i algebra generators of A * , * (R) Sq i , Q i motivic Steenrod squares, Milnor primitive, the dual of
In this section we recall the construction of some functors between the motivic, C 2 -equivariant and topological stable homotopy category, and the image of some of the spectra we are interested in by these functors. The main observation is Lemma 2.1, which tells us how to compute real realizations.
Recall that there are realization functors
with the analytic topology and C 2 -action given by complex conjugation, while R R is induced by
This give rise to well defined functors of the stable homotopy categories since the motivic stable homotopy category is generated by suspension spectra of schemes, the functors map motivic spheres to (C 2 -equivariant) spheres, and are compatible with A 1 -invariance and Nisnevich descent. Both realization functors are left adjoints. See [HO16] for a more careful construction and thorough discussion of the realization functors. (1)
C2 preserves filtered homotopy colimits.
C2 preserves filtered colimits and SH(R) is generated by suspension spectra of schemes we get the following lemma, which seems to be folklore.
Lemma 2.1. Real realization is naturally isomorphic to the geometric fixed points of the C 2 -equivariant complex realization. That is,
Theorem 2.2 ([Bac17]).
Real realization induces an equivalence
To summarize, we have a commutative square
where the bottom horizontal map is an equivalence. We have R
C2
C (MGL) = MU, where MU is considered as the C 2 -equivariant complex cobordism spectrum defined by Landweber [Lan68] . Indeed, MGL colim q Σ −2q,−q Th(γ q,∞ ), and the C 2 -equivariant complex realization of Th(γ q,∞ ) are the Thom spaces defining MU as a C 2 -spectrum. Heller and Ormsby showed that the C 2 -equivariant complex realization of MZ is C 2 -equivariant Bredon-cohomology [HO16, Theorem 4.17]. That is, R C2 C (MZ) = HZ, for Z the constant Mackey functor.
MOTIVIC COHOMOLOGY OF THE REAL NUMBERS AND NUMBER FIELDS
In this section we state some results on the structure of motivic cohomology of the real numbers, number fields and rings of S-integers in number fields. For a number field F with r 1 real embeddings, let S ⊃ {2, ∞} be a (not necessarily finite) set of places in F . We denote the ring of S-integers by O F,S .
The Bloch-Kato-conjecture ( [Voe03a] , [Voe11] ) gives an isomorphism of motivic cohomology and étale-cohomology with finite coefficients above the diagonal. That is,
, when p ≤ q, and A a finite abelian group. We have, cf. [DI10, 2.1],
Lemma 3.1. Let n > 1. As a Z/2 n -algebra mod 2 n motivic cohomology of the real numbers is
The elements ρ, τ and u are the generators of the cohomology groups in bidegrees (1, 1), (0, 1) and (0, 2), represented by −1, −1 and ζ 2 n , respectively. As a Z 2 -algebra 2-complete motivic cohomology of the real numbers is
Note that ρ maps to ρ and u maps to τ 2 via the projection H * , * (R; Z/2 n ) → H * , * (R; Z/2). The element τ ∈ H * , * (R; Z/2 n ) is the image of τ ∈ H * , * (R; Z/2) through H * , * (R; Z/2) → H * , * (R; Z/2 n ). We use the same name for τ and ρ in the various motivic cohomology groups.
Proof. With (1) this reduces to a computation in étale cohomology. That is, we must compute
and that x acts on µ ⊗q 2 n = Z/2 n as 1 when q is even and −1 when q is odd. Products are formed by forming tensor products of functions.
To obtain the 2-adic description we take the limit. The structure maps in the inverse system are induced by the projection maps of the coefficients. The structure map of H ṕ et (R; µ ⊗q 2 n ) is multiplication by 2 when p − q is odd. Hence, all multiples of τ vanish in the limit. 
Combining the torsion part and the rational part implies the statement.
More detailed descriptions of H
Corollary 3.3. Let F be a number field. Then for p ≥ 3 the canonical maps
are isomorphisms.
Lemma 3.4. Let O F,S be a number field or its ring of S-integers. Then the canonical map
induced by the real embeddings is surjective.
Proof. By Lemma 3.1 we may assume q is even. Consider the commutative diagram
The vertical maps in the right column are isomorphisms by Lemma 3.1. The bottom horizontal map is an isomorphism by Theorem 3.2. Multiplication by ρ induces a surjective map
Hence the top horizontal map is surjective.
Remark 3.5. In general, the map
. However, the cokernels are isomorphic for q ≥ 1 of the same parity. Indeed, for q odd this follows from the commutative diagram
since pr is an isomorphism over R and τ is an isomorphism on mod 2 motivic cohomology.
THE SLICE SPECTRAL SEQUENCE OF ALGEBRAIC COBORDISM
In this section we construct the slices spectral sequence of MGL and discuss its multiplicative and strong convergence properties. The slice filtration was originally introduced by Voevodsky in [Voe02] . In [RØ16] , [RSØ16] and [KRØ18] there are slice spectral sequence computations similar in spirit to ours. The slice filtration is obtained by considering the triangulated subcategory SH eff (F ) ⊂ SH(F ) generated by suspension spectra of smooth schemes. We then filter by i q :
Each inclusion i q has a right adjoint r q , and the composite f q = i q • r q is defined to be the qth effective cover. The cofiber s q (−) = cofib(f q+1 (−) → f q (−)) is the qth slice functor, and these functors assemble to a tower of cofiber sequences which gives rise to a spectral sequence in the usual way. Since SH eff (F ) is a triangulated category, the functors f q and s q are exact. It is possible to consider a finer filtration of SH(F ) by considering the subcategory SH veff (F ) ⊂ SH eff (F ) consisting of the spectra which are connective in Morel's t-structure [Bac16] . For MGL these filtrations agree since f q (MGL) is q-connective, see Lemma 9.2.
Recall that the slices of MGL are [Voe02] 
is the Lazard ring, with generators x i in degree i (i.e., half of the usual indexing). Since the slices are modules over s 0 (S) = MZ [Pel11, Theorem 3.6.22] the multiplicative structure on the slices s * (MGL) is the one induced from the product on MZ and L * . The slice spectral sequence of MGL is obtained by taking homotopy groups in the slice tower of MGL.
This spectral sequence has E 1 -page
By the work of Pelaez the diagrams
in SH(F ) are induced by a zigzag of commutative diagrams in motivic symmetric spectra [Pel11, Theorem 3.6.16]. Hence the slice filtration gives rise to a multiplicative Cartan-Eilenberg system, and the slice spectral sequence is a multiplicative spectral sequence, see also [Gut+18] . For formal reasons the slice spectral sequence is conditionally convergent to the homotopy groups of the slice completion ([Hoy15,
Since MGL is slice complete [Hoy15, Lemma 8.10, Corollary 2.4], i.e., MGL is equivalent to its slice completion, the slice spectral sequence is conditionally convergent to the homotopy groups of MGL. This is also true over rings of S-integers for MGL localized at S, MGL S , see [Spi14] . Since in a fixed tridegree (p, q, w) there are only finitely many entering and exiting differentials of E 1 p,q,w , the conditional convergence is in fact strong. That is, we have a strongly convergent spectral sequence
See Figure 1 for a picture of the spectral sequence. Similarly we also have strong convergence of the slice spectral sequence for MGL/2 n . Its slices are
Consider the system of maps
and the induced limit of spectral sequences
In general we make no claims about {E r p,q,w (Z 2 )} r being a spectral sequence or its convergence. However, if the groups E ∞ p,q,w (Z/2 n ) are finite then E ∞ p,q,w (Z 2 ) is the associated graded of an exhaustive, Hausdorff and complete filtration of π * , * (MGL ∧ 2 ). This is the case over the real numbers and rings of S-integers when S is finite.
ALGEBRAIC COBORDISM OF THE REAL NUMBERS
In this section we compute MGL * , * (R; Z 2 ). We first consider the slice spectral sequence which converges to MGL * , * (R; Z/2 n ), n > 1, and calculate its E ∞ -page. Then we pass to the limit to obtain the homotopy groups of the 2-complete algebraic cobordism spectrum MGL ∧ 2 . Throughout this section we always assume n > 1.
Mod 2
n calculations. Since MGL/2 n is a ring spectrum for n > 1, cf. [Oka84] , the slice spectral sequence is multiplicative, and we have a Leibniz rule. Hence, it suffices to determine the differentials on the algebra generators. As an algebra, E 1 * , * , * is generated by
The algebra generators are ρ, τ , u and x i in degree (−1, 0, −1), (0, 0, −1), (0, 0, −2) and (2i, i, i). For degree reasons, the only algebra generators on the E r -page which can support differentials are powers of u in E r 0,0,2 * ∼ = H 0,2 * ⊗ L 0 . Their differentials are described in Theorem 5.4 below.
We need some results of [HHR16] for the group G = C 2 . In this case the norm map N = N C2 C2
is the identity [HHR16, Proposition 2.27], and the norm construction on MU is simply MU, that is
We have a factorization L * → π 2 * , * (MGL) → π C2 * (1+σ) (MU), and
2q − 1, 2q
. The E 1 -page of the slice spectral sequence of MGL with Adams grading in weight w. Each box with indices (p, q) represents a copy of H p,q (F ; Z) tensored with L w+q . The d r -differentials goes one step to the left and r-steps upwards. The filtration degree is along the vertical q-axis, so the abutment is read off from the E ∞ -page vertically. The motivic homotopy group each column contributes to is indicated below the
We let the image of the x i ∈ π 2i,i (MGL) (also denoted x i ) be the canonical choice of algebra generators for π 2 * , * (MGL). The geometric fixed points of MU is the unoriented cobordism spectrum MO. 
is zero for * > 0.
The next lemma limits the possible targets of the differentials.
Lemma 5.3. The canonical map
sends x i ∈ π 2i,i (MGL) to 0 if and only if i = 2 k − 1, for some k. In particular, only the elements x 2 k −1 are ρ-torsion.
Proof. Consider the diagram
Proof. We use the proof in [HHR16, Theorem 9.9] adapted to the slice spectral sequence of MGL/2. The projection MGL/2 n → MGL/2 induces a surjection on the slices
when is q even. Let k ≥ 1 and do induction on k. The differentials of u 
We must show that the d r -differential on τ is not ρ-torsion, and thus survives
) by π * (MO)/2, and similarly for π * (Φ C2 (HZ/2)). Hence, in the induced map of extensions we get that
The differentials in Theorem 5.4 together with the Leibniz rule determine all possible differentials. We proceed to describe the E ∞ -page of the slice spectral sequence of MGL/2 n over R. Consider the subalgebra
of the E 1 -page (i.e., B * , * is everything on the E 1 -page not a multiple of τ or u, it is suggestive to write B * , * = H * = * ⊗ L * ). Above we observed that d r (B * , * ) = 0 for degree reasons for all r. Hence, each E r -page is a B * , * -module.
The E 1 -page is the B * , * -module
Theorem 5.5. Let I l be the ideal of B * , * generated by
and let I 0 = (0). Let I be I ∞ . Let J l be the ideal (2, x 1 , . . . , x 2 l −1 ) in B * , * , and let J 0 = (0). Let A(l) denote the quotient J l /I l . Then the E ∞ -page is r) . By induction on r we get
Indeed, the base case is (3). Assume inductively (5) is true for r. If l 2 (r) = l 2 (r + 1) then E r = E r+1 , since there are only differentials when l 2 (r) < l 2 (r + 1). So we may assume r = 2 k − 1. Then we have a
and more generally d r -differentials on the u i with 2-adic valuation ν 2 (i) = k − 1. We analyze the differential on each summand in (5): Note that the summands do not interact since the differentials are u The contribution to the E r+1 -page of the differential on the summand
Indeed, the differential of an element a = u i ρ j y ∈ u i B * , * /I l2(r)−1 is
y. 
This is zero in the image if and only if ρ
The Leibniz rule implies that summands with ν 2 (i) > l 2 (r) − 1 have zero d r -differential. Passing to the limit over r in (5) we obtain (4). Remark 5.6. Determining possible extensions and the multiplicative structure in MGL * , * (R; Z/2 n ) seems to be fairly hard. The simplest extensions 2[τ ] = [ρ 2 x 1 ] and 2 n−1 [2u] = 0 can be determined by comparison with K-theory of the real numbers. There are extension problems for x 1 u, x 3 u, . . . , 2u, 2u 2 , . . . and their τ -multiples. Unfortunately, K-theory does not detect the ones not a multiple of x 1 . For motivic Morava K-theory of the real numbers we are generally unable to determine the extensions, see Remark 9.8. Two-complete algebraic cobordism of R. Consider the filtration of MGL * , * (R; Z/2 n ) associated to E ∞ (R; Z/2 n ). Since all the groups in the filtration are finite lim n is exact and we may pass to the limit over n to obtain a filtration of MGL * , * (R; Z 2 ), the motivic homotopy groups of holim n MGL/2 n . We write E ∞ (R; Z 2 ) for the associated graded of this filtration. This associated graded is simpler than E ∞ (R; Z/2 n ) since all the τ -multiples disappear.
Lemma 5.7. The associated graded of the filtration of MGL * , * (R; Z 2 ) described above is
Here we write z j,l = u l2 j x 2 j −1 , which explains the relations (with the convention x 0 = 2).
Proof. This reduces to the computation in Lemma 3.1: The limit is induced by the system (2), and the structure maps in the inverse system are the same as in motivic cohomology. The multiples of τ all have multiplication by 2 as structure maps. Since these are all 2-torsion they vanish in the limit. Hence we are left with computing the limit of
Anything not a multiple of ρ is part of a system which is Z 2 in the limit. Otherwise the structure map is the identity of Z/2 and in the limit we get Z/2.
Theorem 5.8. There are no hidden additive or multiplicative extensions on the E ∞ -page. That is, as an algebra
Hence,
Here z j,l = [u l2 j x 2 j −1 ] (with the convention x 0 = 2). That is, z j,l is a particular representative of u l2 j x 2 j −1
(during the proof we will see that it is a particular representative).
Proof. Note that any element on the E 1 -page is a sum of monomials u i ρ j x K for some numbers i, j and multi-index K. The degrees of u, ρ and x K are linearly independent. It is helpful to keep in mind that a specific element of MGL * , * (R; Z 2 ) is obtained by going downwards along u, (2, 1)-diagonally upwards along x K and (−1, −1)-diagonally downwards along ρ. We will perform induction on the power of u.
We choose representatives z j,l = [u on the E ∞ -page inductively such that
where K > 2 j − 1 (so it lies in a higher filtration), which implies k > i and l2 j > l 2 j (hence the second term is already defined by induction on l). Hence, we could as well have chosen
as a representative for u l2 j x 2 j −1 . Inductively we get
(this is really only a condition for i = 2 j+1 − 1). It remains to show z k,l z a,b = z k,l+b2 a−k z a,0 , a ≥ k. For the remainder of the proof we use the notation
Without loss of generality we may assume a ≥ k, and that there is no m < m such that x 2 m −1 divides x K . Note that if we multiply the left hand side by ρ 
in a higher filtration. This gives a system of equations and inequalities on k, l, a, b, m, n, K, i (by abuse of notation K denotes either a multi-index or the degree of the multi-index). This system has no solutions. We now carry this out in detail.
Comparison of the left and right hand side gives the following relations
Solving for i/2 (i is a multiple of 4) this gives
which must satisfy
If k ≥ m there are clearly no solutions. If k < m this is equivalent to (1 + 2n)2
k+1 is a multiple of 2 k+1 , i.e., the interval never contains
Remark 5.9. As an alternative to the above proof it is possible to copy the proof of [HK01a, Theorem 4.11] (or rather [HK01a, Theorem 7.4]) verbatim. That is, use the motivic Adams spectral sequence to determine the multiplicative extensions (in fact, the computation of Hu and Kriz takes place in an Ext-group of a subalgebra of the C 2 -equivariant Steenrod algebra. This subalgebra is isomorphic to the mod 2 motivic Steenrod algebra). A second alternative is to take C 2 -equivariant complex realization, and compare directly with the C 2 -equivariant homotopy groups of BP R. Conversely the above proof applies to the setting of Hu and Kriz, since (8) has no solutions even if b, l, n are allowed to take negative values. This provides an alternative route to the C 2 -equivariant homotopy groups of BP R without use of the Adams spectral sequence.
ALGEBRAIC COBORDISM OF REAL NUMBER FIELDS
In this section we compare the slice spectral sequence of MGL over a number field F with the slice spectral sequence over R. This determines all the differentials in the slice spectral sequence over F and we compute the associated graded of MGL * , * (F ; Z).
Consider the map of E r -pages of the slice spectral sequence for MGL induced by the real embed-
This gives a commutative diagram
Whenever the source of d r (F ) is nonzero, the target E r p−1,q+r,w (F ; Z) is isomorphic to (Z/2) ⊕k for some k and f r p−1,q+r,w is an isomorphism. That is, the differential d r (F ) is determined by the differential d r (R) and the map f r p,q,w , i.e., of the sum of the real embeddings. By Lemma 3.4 and Corollary 3.3 the map f r p,q,w is surjective except possibly when restricted to a summand H 0,q (F ; Z) or H 1,q (F ; Z) of E r p,q,w (F ; Z). We definē
where g is the unique arrow making the diagram (10)
Theorem 6.1. The E ∞ -page of the slice spectral sequence is
where K runs over all multi-indices of monomials in L * . Here
By definition min{} = ∞.
Proof. We will prove inductively that
where
and l p,q,r = min{l 2 (r) − 1, ν 2 (q − p)}.
When r = 1 we are in the last case of (13), so (12) holds by definition. Assume (12) to be true inductively for r. We must show that (12) is true for r + 1. From (9) we see that there are only d rdifferentials when l 2 (r) < l 2 (r + 1), so we may assume r = 2 k − 1. The only terms A p,q,K,(r) which can support a d r differentials are the terms with
Hence all terms with ν 2 (q − p) < k are unchanged when passing from the E r -page to the E r+1 -page.
Consider a term A p,q,K on the E r -page. Assume ν 2 (q − p) = k, and that A p,q,K,(r) is nonzero and sup- 
is potentially the target of a d r -differential. If we are in the first case of (13) there is nothing to show, so assume that we are in the last case of (13). If
This completes the inductive step.
Passing to the limit over r we get the E ∞ -page.
Remark 6.2. It is possible to give a presentation of E ∞ (F ; Z) in terms of generators and relations. There is a generator for every pair (x 2 k −1 , y), y ∈ ⊕ j H 1,j2
k (F ; Z), and we must re-encode the multiplication in H * , * (F ; Z). This can be compared with giving a presentation of the subalgebra k{1,
Theorem 6.1 and comparison with MGL * , * (R; Z 2 ) determines MGL * , * (F ; Z) up to some indeterminacy in the additive and multiplicative structure in the part of MGL * , * (F ; Z) coming from H 1, * (F ; Z) and H 2, * (F ; Z). For 2-regular number fields with exactly one prime dividing 2 (e.g., Q) it might be possible to determine the extensions as in [RØ00] .
ALGEBRAIC COBORDISM AND ζ-FUNCTIONS
Motivic cohomology of number fields and rings of S-integers are qualitatively the same. In this section we exploit this likeness to compute 2-complete algebraic cobordism over rings of S-integers, S ⊃ {2, ∞} a finite set of places, and give a formula relating the order of the algebraic cobordism groups of rings of 2-integers to special values of Dedekind ζ-functions. This is an analogy to Lichtenbaum's conjecture relating the order of algebraic K-theory of rings of integers to special values of Dedekind ζ-functions, see [RW00, Theorem 0.2]. An analogy to Lichtenbaum's conjecture for hermitian K-theory was proven in [KRØ18, Theorem 1.10]. We use the motivic cohomology spectrum of Spitzweck over the ring of S-integers in a number field F [Spi12] .
When S ⊃ {2, ∞} the residue fields of O F,S all have odd characteristic so the characteristics are invertible in Z/2 n . Then the slices of MGL/2 n are s q (MGL/2 n ) = Σ 2q,q MZ/2 n ⊗ L q [Spi12, Theorem 11.3]. When the set of places S is finite the 2-completed motivic cohomology groups are finitely generated outside of (0, 0), the Picard group H 2,1 (O F,S ; Z 2 ) can be nonzero, and we have an isomorphism
Hence the differentials in the slice spectral sequence over O F,S are determined by the same procedure as over F by comparison with the real embeddings. For degree reasons the extra groups H 2,1 (O F,S ; Z 2 ) ⊗ L * do not interact with any terms in the slice spectral sequence or support any differentials. They give rise to the extra summand
. This summand has zero multiplication with motivic cohomology of positive weight. The 2-local motivic cohomology groups of O F,S are finitely generated, hence lim n is exact on the mod 2 n motivic cohomology groups, and completion before or after taking homotopy groups is the same for MZ and MGL. As in Section 5 we first run the slice spectral sequence for MGL/2 n over O F,S . This gives filtrations of MGL * , * (O F,S ; Z/2 n ) for each n. Taking the limit over n of the filtrations we obtain a filtration of MGL * , * (O F,S ; Z 2 ).
Theorem 7.1. The associated graded of the 2-complete algebraic cobordism groups of a ring of S-integers in a number field F , S ⊃ {2, ∞}, S finite, is
The groupsH p,q,(l) (O F,S ; Z 2 ) and H p,q (O F,S ; Z 2 ) are defined similarly as in Section 6.
Recall the following theorem of Manfred Kolster:
Theorem 7.2 ([RW00, Theorem A.1]). Let F be a totally real abelian number field and k ≥ 1. Then
.
Here a ∼ 2 b means that a and b have the same 2-adic valuation.
Define the subgroups 
Here we use Lemma 3.4 for the second equality. Hence,
A change of variables yields (14).
ALGEBRAIC COBORDISM OF TOTALLY IMAGINARY NUMBER FIELDS AND FIELDS OF LOW

2-COHOMOLOGICAL DIMENSION
For completeness we state the following results on algebraic cobordism of totally imaginary number fields and fields with 2-cohomological dimension less than or equal to 2. For such fields the slice spectral sequence collapses on the E 1 -page for degree reasons.
Theorem 8.1. Let F be a totally imaginary number field. Then
Here H p,q (F ; Z) is a summand of MGL −p,−q (F ; Z), and L k is identified with MGL 2k,k (F ; Z).
Proof.
The motivic cohomology H p,q (F ; Z) is zero for p = 0, q = 0 or p > 2. Hence, the slice spectral sequence collapses at the E 1 -page, cf. Figure 1 . There are no hidden extensions since in any fixed bidegree of MGL * , * (F ; Z) the slice filtration has length 1. Theorem 8.2. Let F be a field of characteristic not 2 with 2-cohomological dimension less than or equal to 2, such that H p,q (F ; Z/2) is finite for all p, q, and H 0,q (F ; Z 2 ) is zero for q = 0. Then
Here H p,q (F ; Z 2 ) is a summand of MGL −p,−q (F ; Z), and L k is identified with MGL 2k,k (F ; Z).
In particular Theorem 8.2 applies to local fields in characteristic 0, cf. [Orm11, Corollary 5.10], and finite fields of odd characteristic.
THE MOTIVIC BROWN-PETERSON SPECTRUM AND MOTIVIC MORAVA K-THEORY
In this section we compute the motivic homotopy groups of the 2-completed (truncated) motivic Brown-Peterson spectrum BPGL over R at the prime 2, and of mod 2 Morava K-theory K(n) over fields with low virtual cohomological dimension of characteristic not 2. The techniques are analogous to the previous sections. As part of the computation we give a description of the action of the mod 2 motivic Steenrod algebra on powers of τ . Except when we discuss the general construction of BPGL and K(n) we work at the prime 2, so BPGL will be a 2-local spectrum. Most of the results over the real numbers in this section have been obtained previously by Yagita in [Yag05] .
For the construction of BPGL and K(n), we follow [HK01b] , [Vez01] 
Since slices commute with homotopy colimits we get
where |v i | = i − 1. This computation has been carried out in more detail in [LT15] . The truncated Brown-Peterson spectra are defined to be
The quotient is obtained by inductively forming the cofiber BPGL/(v n+1 , . . . , v n+k−1 , v n+k ) and then taking a homotopy colimit, see [Spi10] . In particular BPGL 0 = MZ ( ) , and BPGL 0 = kgl ( ) = f 0 (KGL ( ) ) is the (very) effective cover of -local algebraic K-theory [Spi10] . The slices are
The nth mod Morava K-theory is defined to be
n ]) q . Hence for s q (K(n)) to be nonzero q must be a multiple of i − 1. From now on we fix = 2. By adapting the proof of Theorem 5.8 we obtain the following calculation of the motivic homotopy groups of BPGL ∧ 2 and BPGL n ∧ 2 over the reals. This has been stated previously by Hu and Kriz in [HK01a] , [HK01b] .
Theorem 9.1. The motivic homotopy groups of 2-complete BPGL and BPGL n over the real numbers are
Proof. Since BPGL is a summand of MGL (2) , the differentials take the same form. The differentials of BPGL n are determined by the differentials of BPGL.
Next we compute the nth mod 2 Morava K-theory of fields not of characteristic 2 with virtual cohomological dimension vcd(F ) < 2(2 n − 1).
Lemma 9.2 ([Hoy15, Lemma 8.11])
. The effective and the very effective slice filtrations [Bac16] are the same on MGL, BPGL, BPGL n and K(n). That is, f q (E) = f q (E), for E any of the above spectra.
Proof. By [Hoy15, Lemma 8.11], f q (E) is q-connective. Hence, f q (E) actually lies in SH veff (q), but then it is equal to f q (E) by uniqueness of adjoints.
Lemma 9.3. Let E be a motivic spectrum in SH(C) whose complex realization R C (E) has only cells in even dimensions. Then the complex realization of the very effective slice filtration of E is twice the Postnikov filtration of the complex realization of E. That is, R C ( f q (E)) = (R C (E)) ≥2q . Hence complex realization induces a map from the very effective slice spectral sequence of E to the Atiyah-Hirzebruch spectral sequence of
Proof. By construction [Bac16, Section 4]
where π i,0 (E) is the Nisnevich sheaf associated to the presheaf
we have R C (SH(k) veff (q)) = SH ≥2q , i.e., the usual Postnikov filtration of SH at twice the usual speed.
Note that the condition of Lemma 9.3 is satisfied by the spectra MGL, BPGL, BPGL n and K(n). The homotopy groups of their complex realizations are only nonzero in even degrees. Hence for each of these spectra we have a well defined map from their slice spectral sequence to the Atiyah-Hirzebruch spectral sequence of their complex realizations.
Lemma 9.4. Over any field F of characteristic not 2 the d i -differential in the slice spectral sequence for K(n) is trivial for i < r = 2 n − 1 and d r = Q n + Ψ. Here Q n is the nth motivic Milnor primitive, the dual of τ n in the mod 2 dual motivic Steenrod algebra, while Ψ is some element of the motivic Steenrod algebra which acts as zero on H * , * (F ; Z/2).
Proof. Since the distance between the nonzero slices are 2 n − 1 the first possibly nonzero differential is n −1+k = 0 when k < 2 n . Next we use the BPGL-module structure BPGL ∧ K(n) → K(n) and the Leibniz rule to conclude that Ψ(τ k+u2 n ) = 0 for 0 ≤ k < 2 n and all u. Indeed,
Remark 9.5. The condition (d Theorem 9.6. The associated graded of the motivic homotopy groups of K(n) over a field F of characteristic not 2 with virtual cohomological dimension vcd(F ) < 2(2 n − 1) is
Here ρ ∈ E ∞ −1,0,−1 (K(n)), τ ∈ E ∞ 0,0,−1 (K(n)), v n ∈ E ∞ 2(2 n −1),2 n −1,2 n −1 (K(n)). When p−2w < 0, K p,w (n) = 0. See Figure 2 for a picture of K * , * (n)(R). Here we define τ j = 0 for j < 0.
Proof. We use the notation P k = Sq 2k and Sq 2k+1 = B k , and define P k (τ n ) = P k,n ρ 2k τ n−k , where P k,n ∈ Z/2, and similarly for B Remark 9.11. By adding correction terms of the form 0 k n 0 to P k,n and B k,n in (16) we obtain closed forms for P k,n solving (17) for all integers k, n.
As a consequence of Lemma 9.9 we get the following lemma. This is also stated in [Yag05, Lemma 6.2].
Lemma 9.12. The action of the Milnor-primitives on τ n is given by The identity is easy to show using that n 2 k = 1 if and only if the kth bit in the binary expansion of n is 1, and similar expressions for the other binomial coefficients.
